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Motivation



Why power laws?

* These things repeatedly pop up in my research

» Wealth distributions, citations & public recognition ot academics, market power (e.g. technology adoption)
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Why power laws?

* These things repeatedly pop up in my research

» Wealth distributions, citations & public recognition ot academics, market power (e.g. technology adoption)

Distribution of wealth in Austria

Citations to articles in the
American Economic Review (1981-1985)
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Why power laws?

* These things repeatedly pop up in my research

» Wealth distributions, citations & public recognition ot academics, market power (e.g. technology adoption)

Citations to articles in the

Distribution of wealth in Austria American Economic Review (1981-1985) Development among the first 1000 adopters
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* They also are found in other phenomena of interest to socio-economists, like city size, firm size, capital income,

components of private wealth, the popularity of websites or books, the size of individual social networks etc.

* Power laws are a well-established concept in other sciences (e.g. physics, maths, biology...)

» Possible starting point for interdisciplinary collaborations — diverse contributions on ,generative mechanisms’
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Why power laws?

* These things repeatedly pop up in my teaching

* Recent task: Create a new introduction to economics from a pluralist view point for future

teachers — ,,Economic Thought”

Stealing from this great book the idea to introduce main economic actors (households, firms,
state, etc.) and to provide a first conceptualization to assure that students’ basic impressions

are aligned — but how to best introduce core economic properties of such actors?

» My answer: Stratification of actors as a core dimension of interest — info on aggregate + parts!

UNOER
EASY
TERMS

WO TiY $299/18 St 1
HISTGU $3. 9 commonr " f3
ST RATE #7.99 §SUR §5.99 . :4 M mwuss

¢ MANNER

95 BLM}KLIST BAEKUST .IllST CANT Miss .f/ .9.9 ZER[] DUWN .f.? 9.9

ULU ﬂlﬂ WUNI lAST ."J .9.9 ll]ST LEASE ff 9.9 Att TA/SALE -fi
£T [}U]SEUUIS []ISBDUNTS L M 9.9 ves SAUSAGE []NASTIEK

wow‘ Btﬂl‘,KEﬂ M 99 BANNED f/ 49 INSPEGTEI] f] .99 APPH[]
5s. 99 MUSI SELL 53 .9.9 CCCCCCC v f/.fi A(}T NUW J' lAST llNE J'l

ECONOMICS

AFTER THE CRISIS

AN INTRODUCTION TO ECONOMICS FROM
A PLURALIST AND GLOBAL PERSPECTIVE

IRENE VAN STAVEREN

N

Jakob Kapeller

UNIVERSITAT

mso DEUSISS URG

tttf

oooooooooooooo Open-Minded



Why power laws?

* These things repeatedly pop up in my teaching

* Recent task: Create a new introduction to economics from a pluralist view point for future

teachers — ,,Economic Thought”

Stealing from this great book the idea to introduce main economic actors (households, firms,
state, etc.) and to provide a first conceptualization to assure that students’ basic impressions

are aligned — but how to best introduce core economic properties of such actors?

» My answer: Stratification of actors as a core dimension of interest — info on aggregate + parts!

15 Mio. Euro |
c
5 [
.m .
'8 10 Mio. Euro |
)
> Viedi Schwellenwert
76.445 Euro untere 80%:
- 310.837 Euro
Schwellenwert :
: untere 60%:
5 Mio. Euro | : 139.614 Euro
Schwellenwert 2 :
' untere 40%: :
. Schwellenwert 34.731 Euro :
untere 20%: : :
‘ 6.086 Euro
500.000 Euro|- = = = = = — = §— === — — — e e e e e e =
r 20% 40% 60% 80% 100%

Anteil der Bevolkerung in %

Wealth in Austria (HFCS, Wave |): http://media.arbeiterkammer.at/PDE/MWuG_Ausgabe 122.pdf

PD ,Vh’/ I///// 6 QPECTACLES OF PRODYCTION &

.f /9 uow .fi 4.9 252".45?&:

ONSUMPTION

TURE OF FAMILY VIOLENCE,

N[l IAX .fi .99/1[ CSE&ET'.SN (1

, CAMBLI

MUST G[] f} 9’ CREAMPUFF ,,,’ .

OICTION ~PHE

IRS ME J'/ .9.9 SSTAH J’f 99 FANCY 34 .99 FLAW[ESS FIXABLE

TING MANNER

95 BLM}KHST BAEKUST .IllST CANT Miss .f/ .9.9 ZER[] DUWN ﬂ 9.9
ULU ﬂlﬂ WUNI lAST ."8 .99 ll]ST LEASE )’3 9.9 ML A fi

EPRIVES US OF THE

£T GLOSEUUIS []ISEDUNIS Lé‘i‘v‘ -"4 9.9 YEs SAUSAGEUNASTIEK

CONSIDERABLE

wow‘ BLDBKED M 99 BANNED f/ 49 INSPEGTEI] U .99 APPH[]
5s. 99 MUSI SELL 53 .9.9 CASH ONLY f/.fi ACT NUW J' lAST llNE J'l

ECONOMICS

AFTER THE CRISIS

AN INTRODUCTION TO ECONOMICS FROM
A PLURALIST AND GLOBAL PERSPECTIVE

IRENE VAN STAVEREN

N

Jakob Kapeller

UNIVERSITAT

mso DEUSISS URG

tttf

oooooooooooooo Open-Minded


http://media.arbeiterkammer.at/PDF/MWuG_Ausgabe_122.pdf

L0SS WIODEN WITHIN THE SPECTACLES OF PRODYCTION &

$.79 oW $3.49 TEoois

UNDER THE PUBLIC CULTURE OF RATIONAL CONSUMPTION

vems /.99 WAKE OFFER § 99

CULTURE, THE BOURBEOIS CULTURE OF FAMILY VIOLENCE,

NOTAX $2.99/18 c5ivcion 4

PROSTITUTION, LYING, CHEATING, SWINDLING, CAMELIN

W h y p ower I aWws ? WISTD §3,9¢ crowor  §3
IRSTRATE $7.99 G5SSTAR $5.99 . eancy $4.99 FLAWLESS rixaeee

CINCLE SYCTEM OF NEARLY PSYCHEDELIC EXPENDITURE. THE PROGRAM OF DESTRUCTION THAT IN AN EVER-ACCELERATING MANNER

.95 BLACKLIST BACKLIST qesST canrmss $7 99 1ER0 DOWN $7.99

FORMS OF HUMAN ENDEAVOR IS IRREVERSIBLE, WE CAN ICNORE THE FACT THAT THE GROUND WE LIVE ON 1S LITTLE OTHER THAN A

S0L0 00T WON'TLAST 98,99 L0ST LEASE $7.99 | abl wxsue  $4.

RUCTIONS, BUT OUR ICHORANCE DOES NOT CHANGE THE OUTCOME IN THE SLIGRTEST: IT MERELY DEPRIVES US OF TWE CHOICE T,
LAST

o ' ' ' CLOSEOUTS  DISCOUNTS 57 $4.99 ves  SAUSAGE ON A STICK
These things repeatedly pop up in my teaching I BN, S T

CERTAIN NEEDS WHILE PROVOKING TUMULTUOUS DEPRESSIONS , CRISES OF DREAD AND, IN THE FINAL ANALYSIS, A CERTAIN|

Jf?? MUST SELL $7.99 caswony 5/87 ACTNOW S LAST ONE  $4

* Recent task: Create a new introduction to economics from a pluralist view point for future ECONOMICS

teachers — ,,Economic Thought”
AFTER THE CRISIS

. . . . g . . . AN INTRODUCTION TO ECONOMICS FROM
state, etc.) and to provide a first conceptualization to assure that students’ basic impressions A PLURALIST AND GLOBAL PERSPECTIVE

e Stealing from this great book the idea to introduce main economic actors (households, firms,

are aligned — but how to best introduce core economic properties of such actors?

IRENE VAN STAVEREN %l

» My answer: Stratification of actors as a core dimension of interest — info on aggregate + parts!

Size differentials in US firms: number of employees

500
15 Mio. Euro | i
400 |-
m
()
o
>
ke
o [
§ GE, 300 -
’g 10 Mio. Euro | %5 L
| = —
) o
> viedian Schwellenwert vl
76.445 Euro untere 80%: :EJ N
: 310.837 Euro £ 200
Schwellenwert : GN') r
: untere 60%: )
5 Mio. Euro | - 139.614 Euro : =
Schwellenwert : : LE -
untere 40%: §
Schwellenwert 34.731 Euro : 100~
untere 20%: : : I
6.086 Euro i
500.000 Eurp [~ — — — — = — — § — — — — — — — — el il dti 5—;)"‘—/——
r ) 0 f I |
4 20% 40% 60% 80% 100% 80% 85% 90% 95% 100%
Anteil der Bevolkerung in % Share of all firms
Wealth in Austria (HFCS, Wave |): http://media.arbeiterkammer.at/PDE/MWuG_Ausgabe 122.pdf Based on: Axtell, Robert (2001): Zipf Distribution of U.S. Firm Sizes. Science, Vol. 293

UNIVERSITAT

Jakob Kapeller ,_de DUISBURG

institute for
socio-economics Open-Minded


http://media.arbeiterkammer.at/PDF/MWuG_Ausgabe_122.pdf

Agenda

e Motivation

» Conceptualizing power laws

* Defining power laws: some variants

» Talking about power laws: some (preliminary) lessons

* Generating power laws

* General overview on generative mechanisms

* Simple models of cumulative advantage (and the welfare state)

* Simple models of multiplicative random growth (and the welfare state)

* Concluding thoughts
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Defining power laws



Power laws as scaling relationships

e Basic functional form: f(x) =a - x

* When some variable ,follows a power law”...

* ... we typically apply exactly the same reasoning (a scaling relationship) to the variable of interest rank(value) = a - value

b

with

a,b e R

When applied to two variables it expresses a scaling relationship (econ-speak: ,homogenous of degree k”).

Biology: ,doubling the size of mammals will increase their weight 8-fold”: weight(size) = a - size

3

Mathematics: ,doubling the length of square, will increase its area 4-fold”: area(length) = a - length2

Economics: ,,doubling the number of inputs, will increase output k-fold”:  output(inputs) = a - inputs*

Jfx(x) =a . x"

The probability of observing x,
becomes smaller when x becomes

Wlth b <0 > larger, but never truly zero

b

in absolute and relative terms = a functional relation between absolute value and relative position of the same variable

» Caveat: In most cases the power law distribution only applies to

some upper segment of the data: x; > x, .

* Probability density functions (PDFs) to illustrate what this means.

Normal Distribution D ~ (1,0.05) Pareto Distribution D ~ (10,1.5)
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Power laws are often ,discovered’ in the history of the sciences

e Basic functional form: f(x) =a - x" with a,b € R

 Different discoveries in history of science: Pareto (1896, wealth), Auerbach (1913, city size), , Zipt's Law” (1932, word

frequencies), ,Benford’s Law” (1938, leading digits in real datasets), , Price’s Law” (1965, citation patterns) + more

* At the end day, of the all these can be reduced to the specification seen before: fy(x) = a - x” with b <0

e The classic case in economics: The Pareto distribution

* Power law distribution = a functional relation between absolute value and relative position of the same variable.

* Typical assumption: power law distribution only applies to

some upper segment of the data.

e Canonical form (survival function):

* Inverse is known as Zipt's law:
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X:

last [

. . . Ni Xmi ’
e Canonical form (survival function): P(X > x) = = ( mm)

* Inverse is known as Zipt's law:
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° o C !
e |nverse is known as lef’s law: x. = (—)
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Power laws are often ,discovered’ in the history of the sciences
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Talking about power laws



Talking about power law distributions?

* Three main problems when talking to lay audiences / students / media about power law distributions

* Large number problem
* The ,what is a distribution?”-problem

* The ,fancy properties of power-law distribution”-problem
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Talking about power law distributions?

* Three main problems when talking to lay audiences / students / media

* Large number problem

* The ,what is a distribution?”-problem

* The ,fancy properties of power-law distribution”-problem
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TALKING ABOUT LARGE NUMBERS IS HARD
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Talking about power law distributions?

* Three main problems when talking to lay audiences / students / media

* Large number problem

* The ,what is a distribution?”-problem

Answer: Use relative measures (e.g. top shares)

* The ,fancy properties of power-law distribution”-problem
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Talking about power law distributions?

* Three main problems when talking to lay audiences / students / media

Answer: Use relative measures (e.g. top shares)
* Large number problem

* The ,what is a distribution?”-problem

* The ,fancy properties of power-law distribution”-problem

» ,Give examples for the mysterious”

 What would , I met a huge guy” or ,,I saw a huge
tree” mean, if these variables were power law

distributed? Give numerics — compare mean to max!

>
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Talking about power law distributions?

* Three main problems when talking to lay audiences / students / media

Answer: Use relative measures (e.g. top shares)
* Large number problem >

* The ,what is a distribution?”-problem

* The ,fancy properties of power-law distribution”-problem

» ,Give examples for the mysterious”

Distribution of wealth in Austria

T
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 What would , I met a huge guy” or ,,I saw a huge 15 million €

tree” mean, if these variables were power law Lo milion

distributed? Give numerics — compare mean to max! |
2MUONE] Median (-76.000€)  Mean (-26,000€) _

0 20 40

households in percentiles

60 80

net wealth

TALKING ABOUT LARGE NUMBERS 1S HARD

10 Jakob Kapeller

DEUS I SSI__ﬁNU RG

socio-economics

Open-Minded




Talking about power law distributions?
100 BILLION 100 TRILLION
100N 10BLLIN
_ . . . T \ *l0 TRILLION
* Three main problems when talking to lay audiences / students / media | I omes 3" X TRiLioN
. Large rumber problem Answer: Use relative measures (e.g. top shares) » OIZE OF [ < BILLION
~1 MILLION
* The ,what is a distribution?”-problem B | o )
. S "ACTUAL SIZE OF NUMBER—~
* The ,fancy properties of power-law distribution”-problem (L0G SCALE)

TALKING ABOUT LARGE NUMBERS 15 HARD
» ,Give examples for the mysterious”

Distribution of wealth in Austria

 What would , I met a huge guy” or ,,I saw a huge 15 milion |
tree” mean, if these variables were power law N :
distributed? Give numerics — compare mean to max! | g
2 million € - y1oian n (76,000 €) Mean (~265,000 €)
o Moden (T0000€) | Mean (265.0008)
e ,few giants, many dwarfs” 0 2 4w e s 100

households in percentiles

* People get a visual impression, they might remember (hopetully ;-)

* |t's vague enough to be precise: holds also, when power law only applies to upper segment

* Can be applied to different contexts (pedagogical tool?, running gag?)
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Talking about power law distributions?
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TALKING ABOUT LARGE NUMBERS 1S HARD

» ,Give examples for the mysterious”

Distribution of wealth in Austria v

 What would , I met a huge guy” or ,,I saw a huge 15 milion |
tree” mean, if these variables were power law N :
distributed? Give numerics — compare mean to max! | g
2 million € e gian (~76,000 €) Mean (~265,000 €)
O F = mm e o o i o o e i i e T oSS D
e ,few giants, many dwarfs” 0 2 4w e s 100

households in percentiles

* People get a visual impression, they might remember (hopetully ;-)

* |t's vague enough to be precise: holds also, when power law only applies to upper segment

* Can be applied to different contexts (pedagogical tool?, running gag?)
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Talking about power law distributions?

* Three main problems when talking to lay audiences / students / media

Answer: Use relative measures (e.g. top shares)
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* Large number problem
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TALKING ABOUT LARGE NUMBERS IS HARD

* The ,fancy properties of power-law distribution”-problem

» ,Give examples for the mysterious”

Distribution of wealth in Austria v

 What would , I met a huge guy” or ,,I saw a huge

tree” mean, if these variables were power law

net wealth

distributed? Give numerics — compare mean to max!
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* People get a visual impression, they might remember (hopetully ;-)

* |t's vague enough to be precise: holds also, when power law only applies to upper segment

Can be applied to different contexts (pedagogical tool?, running gag?)
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Talking about power law distributions?
* Three main problems when talking to lay audiences / students / media PERCENETD
. Large rumber problem Answer: Use relative measures (e.g. top shares) OIZE OF
* The ,what is a distribution?”-problem
* The ,fancy properties of power-law distribution”-problem
» ,Give examples for the mysterious”
Distribution of wealth in Austria V. a
 What would , I met a huge guy” or ,,I saw a huge
tree” mean, if these variables were power law , :
distributed? Give numerics — compare mean to max! ~ “=% . g 2
2 million € e gian (~76,000 €) Mean (~265,000 €) é
O ks S i e e e B e e e = 2
e ,few giants, many dwarfs” o 2 @ s s w0

households in percentiles

* People get a visual impression, they might remember (hopetully ;-)
* |t's vague enough to be precise: holds also, when power law only applies to upper segment

* Can be applied to different contexts (pedagogical tool?, running gag?)

TALKING ABOUT LARGE NUMBERS IS HARD
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Bruckner, B., Hubacek, K., Shan, Y., Zhong, H., & Feng,
K. (2022). Impacts of poverty alleviation on national and
global carbon emissions. Nature Sustainability, 1-10.
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Talking about power law distributions?
100 RiLLion 100 TRILLION
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TALKING ABOUT LARGE. NUMBERS 15 HARD
» ,Give examples for the mysterious”
Distribution of wealth in Austria V. a
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tree” mean, if these variables were power law , £
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* Can be applied to different contexts (pedagogical tool?, running gag?) Bruckner, B., Hubacek, K., Shan, Y., Zhong, H., & Feng,
K. (2022). Impacts of poverty alleviation on national and
global carbon emissions. Nature Sustainability, 1-10.
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UNIVERSITAT

10 Jakob Kapeller de DUISBURG

L
ooooooooooooooo Open-Minded



Talking about power law distributions?
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Generative mechanisms



Citations to articles in the

How do power law distributions emerge? 2T conemic Reiew (19811989
0 2
* Power law distributions: regular aggregate property of socio-economic variables 1oy %
100 f o
* But what happens in terms of actual processes, that drives this (regular) pattern? ol E
Mean (11.7
e '(zéo)' T 400 600 800 1000
aricles
* Newman (2005): Power laws, Pareto distributions and Zipt's law, Cont. Physics
* (1) Combinations of exponentials A
* (2) Taking inverses of quantities V
e (3) Random walks
* (4) The Yule process (and other ,rich-get-richer’ mechanisms)
* (5) Phase transitions and critical phenomena
 (6) Selt-organized criticality
 (7) Other mechanism including, ,,multiplying together random numbers” -
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Citations to articles in the

How do power law distributions emerge? 2T conemic Reiew (19811989
200 "
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* But what happens in terms of actual processes, that drives this (regular) pattern? ol :
Median (5) I, lMelanl(Hl.?)l ek
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articles
* Newman (2005): Power laws, Pareto distributions and Zipt's law, Cont. Physics
* (1) Combinations of exponentials I
e (3) Random walks :
* (4) The Yule process (and other ,rich-get-richer’ mechanisms)
 (6) Selt-organized criticality
 (7) Other mechanism including, ,,multiplying together random numbers” ~ j
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Citations to articles in the

How do power law distributions emerge? 2T conemic Reiew (19811989

200 "
* Power law distributions: regular aggregate property of socio-economic variables 5 :
100 g
* But what happens in terms of actual processes, that drives this (regular) pattern? ol :
Median (5) —_Melan]mT])”l“H R
0 200 400 600 800 1000
articles
* Newman (2005): Power laws, Pareto distributions and Zipt's law, Cont. Physics
_s b logo,
® H:D(Weall‘h Z WZ) — wl A < X = lOg;th) %
* (4) The Yule process (and other ,rich-get-richer’ mechanisms)
[
* (7) Other mechanism including, ,multiplying together random numbers” | )
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How do power law distributions emerge?

* Power law distributions: regular aggregate property of socio-economic variables =y

* But what happens in terms of actual processes, that drives this (regular) pattern? ol
Median (5) . .

* Newman (2005): Power laws, Pareto distributions and Zipt's law, Cont. Physics

0 P(Talent > x;) = e~ and w, = e™ i

s V logio
. P(wealth > w) = w7 N l‘)i(wl)
)

* (4) The Yule process (and other ,rich-get-richer’ mechanisms)

1

 (7) Other mechanism including, ,multiplying together random numbers’
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How do power law distributions emerge?

* Power law distributions: regular aggregate property of socio-economic variables

» But what happens in terms of actual processes, that drives this (regular) pattern?

* Newman (2005): Power laws, Pareto distributions and Zipt's law, Cont. Physics

* (1) Combinations of exponentials

(3) Random walks

(4) The Yule process (and other ,rich-get-richer’ mechanisms)

(6) Selt-organized criticality

(7) Other mechanism including, , multiplying together random numbers”
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How do power law distributions emerge?

* Power law distributions: regular aggregate property of socio-economic variables

» But what happens in terms of actual processes, that drives this (regular) pattern?
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* Newman (2005): Power laws, Pareto distributions and Zipt's law, Cont. Physics

* (1) Combinations of exponentials

(3) Random walks

(4) The Yule process (and other ,rich-get-richer’ mechanisms)

(6) Selt-organized criticality

/ Simple models of cumulative advantage

(7) Other mechanism including, , multiplying together random numbers”
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How do power law distributions emerge?

* Power law distributions: regular aggregate property of socio-economic variables

But what happens in terms of actual processes, that drives this (regular) pattern?

250F

200
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501

Median (5)

* Newman (2005): Power laws, Pareto distributions and Zipt's law, Cont. Physics

(1) Combinations of exponentials

(3) Random walks / Simple models of cumulative advantage

(4) The Yule process (and other ,rich-get-richer’ mechanisms) \

(6) Selt-organized criticality

(7) Other mechanism including, , multiplying together random numbers”

Firm size (number of employees)

Other variants: Yule process, SSR-processes
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How do power law distributions emerge?

* Power law distributions: regular aggregate property of socio-economic variables
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» But what happens in terms of actual processes, that drives this (regular) pattern? ol
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* Newman (2005): Power laws, Pareto distributions and Zipt's law, Cont. Physics

* (1) Combinations of exponentials

(3) Random walks

(4) The Yule process (and other ,rich-get-richer’ mechanisms)

(6) Selt-organized criticality

Firm size (number of employees)

/ Simple models of cumulative advantage

™~

Other variants: Yule process, SSR-processes

(7) Other mechanism including, , multiplying together random numbers”

l

Random multiplicative growth: , Gibrat model”
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Cumulative advantage
(aka ,,Matthew effects”)



Cumulative advantage and Matthew eftects

» Cumulative advantage as a plausible candidate mechanism for
many empirically observed power law distributions

e Cumulative advantage = ,rich-get-richer” dynamics = Matthew effects

e Classic sources: talent (mainstream), differential saving rates (Kaldor, Marx),

differential rates of return (Piketty, Shaikh, Veblen)

* There exists many models that follow such an intuition will
generate power law distributions (under some conditions)...
* Replicator dynamics (e.g. Stan Metcalfe)

* Preferential attachment (e.g. Barabasi-Albert)

» Technology adoption models with positive feedback (e.g. Brian Arthur)

 Piketty’s first law of capitalism in conjunction with r > g and s_ > s, ...

Newman (2005): Power Laws, Pareto Distributions and Zipf's Law.
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Cumulative advantage and Matthew eftects

» Cumulative advantage as a plausible candidate mechanism for
many empirically observed power law distributions

e Cumulative advantage = ,rich-get-richer” dynamics = Matthew effects

e Classic sources: talent (mainstream), differential saving rates (Kaldor, Marx),

differential rates of return (Piketty, Shaikh, Veblen)

* There exists many models that follow such an intuition will
generate power law distributions (under some conditions)...
* Replicator dynamics (e.g. Stan Metcalfe)

* Preferential attachment (e.g. Barabasi-Albert)

» Technology adoption models with positive feedback (e.g. Brian Arthur)

 Piketty’s first law of capitalism in conjunction with r > g and s_ > s, ...
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Cumulative advantage and Matthew eftects

» Cumulative advantage as a plausible candidate mechanism for
many empirically observed power law distributions

e Cumulative advantage = ,rich-get-richer” dynamics = Matthew effects

e Classic sources: talent (mainstream), differential saving rates (Kaldor, Marx),

differential rates of return (Piketty, Shaikh, Veblen)

* There exists many models that follow such an intuition will
generate power law distributions (under some conditions)...
* Replicator dynamics (e.g. Stan Metcalfe)

* Preferential attachment (e.g. Barabasi-Albert)

» Technology adoption models with positive feedback (e.g. Brian Arthur)

 Piketty’s first law of capitalism in conjunction with r > g and s_ > s, ...
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Very simple models of cumulative advantage

Cumulative advantage: simplified replicator dynamics Cumulative advantage: simplified replicator (log-log)
1000 1000~
 Simplitied replicator dynamics |
800j /
3 j o 100+
. Wit = 600" 3
Wi,t —_ (1 + Fi,t) ‘ Wi,(t—l) W|th ri,f —_ ( — 1)/m ; I ;
k - W % - %
é 400f _§ 10 -
e Wealth dynamics with saving rate s = 1 and r that 2001 J
. I . O;ﬁ ‘ ‘ ‘ ‘ ‘ .\ | | | | | | |
depends on ,fitness’, which depends on T TS rrve—— 1 a3 2 3 02 o1 oo
rank N; rank N; (in thousands)

wealth vs. benchmark.

Bifurcation: simplified replicator

* This leads to a bifurcation between rich and poor agents. 15

* k can be used to regulate the bifurcation point, while m simply modulates the —

speed of the process (tractability).

absolute values for 50 agents

* Generates a power law at the top (and in parts around the center).

* Needs some (initial) heterogeneity: starting values cluster around wy ~ A4 (10,1) 0 200 400 600 80 1000

periods
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Very simple models of cumulative advantage

* ,People have to eat’ — model
Wi,l‘ - (1 + I’i,t) . Wi,(l‘—l) — C W|th r, ~ N (//l, 6)
* Intuition: additive anchor point should create

similar bifurcation as wealth vs. benchmark.

» But: additive component is fully exogenous,

while individual fitness was not.

Bifurcation: simplified replicator

15

absolute values for 50 agents

10 - =

| | | | | | | | | | | | | | | | | | | | L]
0 200 400 600 800 1000
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Very simple models of cumulative advantage

* ,People have to eat’ — model
Wi,l‘ — (1 + I’i,t) . Wi,(l‘—l) — C W|th rt ~ Q/V (//l, 6)
* Intuition: additive anchor point should create
similar bifurcation as wealth vs. benchmark.

» But: additive component is fully exogenous,
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Very simple models of cumulative advantage

* ,People have to eat’ — model

Wit = (1 + ri,t) "Wig—1)— €

with

r,~N (/4,0)

* Intuition: additive anchor point should create

similar bifurcation as wealth vs. benchmark.

» But: additive component is fully exogenous,

while individual fitness was not.

3500

3000

2500

2000

1500

absolute values

1000

500

Cumulative advantage: 'people have to eat'

5000

4000

3000

rank N;

2000

1000

Bifurcation: 'people have to eat’
T T T T I T T T T I T T T T I T T T T

15

Bifu

rcation: simplified replicator

2 0] ] 2
() (D]
=X =
o o
T 15- ] L]
= 10 - p— ]
D O T
: 3 |
=< 10~ . e |
> >
(] r 8 [
5 5 5¢ ]
S 5- . 3 i
o 4 I
S I S |

O [ | | | | | | | | | | | | | | | | | | | | | | | | | | | [ 0 | | | | | | | | | | | | [

100 200 300 400 500 600 0 200 400 600 800 1000
periods periods
-1 UNIVERSITAT
19 Jakob Kapeller mso D.UISBURG

L institute for

OOOOO -economics

Open-Minded



Very simple models of cumulative advantage

Cumulative advantage: 'people have to eat'
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Very simple models of cumulative advantage

* ,People have to eat’ — model

with r,~ N (o)

Wit = (1 + ri,t) "Wig—1)— €
* Intuition: additive anchor point should create
similar bifurcation as wealth vs. benchmark.

» But: additive component is fully exogenous,

while individual fitness was not.
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Very simple models of cumulative advantage (and the weltare state)

7 Cumulative advantage: ‘people have to eat’ Cumulative advantage: 'people have to eat' (log-log)
; 3500 - L
* ,People have to eat’ — model ;
3000; 1000 -
Wi,l‘ p— (1 —|— ri,l‘) . Wi,(t—l) —C W|th ]/‘t ~ e/V (/’la 0) % 2500 g /
> 2000 - > 100 )
* Intuition: additive anchor point should create S 1500 = -'
. . . © 1000 - o i
similar bifurcation as wealth vs. benchmark. z / 0
500 -
 But: additive component is fully exogenous, 0’ \ \ \ \ \ — - \
5000 4000 3000 2000 1000 1 543 2 1 0.2 0.1 0.001
while individual fithess was not. rank N ranic s (in thousands)

» By defining ¢ = u - wy + k, we can again use k
to regulate the biturcation point.
* Minimalist assumption: public infrastructures /

basic welfare state institutions makes it less

likely to be overwhelmed by daily needs.

e This would amount to a downward shift in k.
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Very simple models of cumulative advantage (and the weltare state)

Cumulative advantage: ‘people have to eat Cumulative advantage: 'people have to eat' (log-log)
3500 -
* ,People have to eat’ — model
3000 - 1000 -
Wi = (1+ rl-,t) Wi -1y — € with r,~N (,u, a) % 2500 g
> 2000 - > 100 )
* Intuition: additive anchor point should create S 1500 3
. . . . ® 1000:* ® B
similar bifurcation as wealth vs. benchmark. z 0
500 -
» But: additive component is fully exogenous, 0" » » » » » ——— - »
5000 4000 3000 2000 1000 1 543 2 1 0.2 0.1 0.001
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Cumulative advantage:
o . eating and the welfare state
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Very simple models of cumulative advantage (and the weltare state)

* ,People have to eat’ — model

Wi,l‘ — (1 + I’i,t) . Wi,(l‘—l) — C W|th rt ~ e/V (//l, 0)

* Intuition: additive anchor point should create
similar bifurcation as wealth vs. benchmark.

» But: additive component is fully exogenous,

while individual fitness was not.

» By defining ¢ = u - wy + k, we can again use k
to regulate the biturcation point.
* Minimalist assumption: public infrastructures /

basic welfare state institutions makes it less

likely to be overwhelmed by daily needs.

e This would amount to a downward shift in k.
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Cumulative advantage: some empirical traces
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Another consequence of positive feedback

WHY DO PEOPLE STAY POOR?*

CLARE BALBONI
ORIANA BANDIERA
. ROBIN BURGESS
Persistent poverty effects: Marrrersn Grarak
ANTON HEIL

There are two broad views as to why people stay poor. One emphasizes dif-
ferences in fundamentals, such as ability, talent, or motivation. The poverty traps
view emphasizes differences in opportunities that stem from access to wealth.
To test these views, we exploit a large-scale, randomized asset transfer and an
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GUIDO ALFANT® view—we identify a threshold level of initial assets above which households ac-
80 cumulate assets, take on better occupations (from casual labor in agriculture or
FRANKLIN RESOURCE UDENTIAL FINANCIAL domestic services to running small livestock businesses), and grow out of poverty.
707 CO”MERZWK;:Q RGAN STANLEY The reverse happens for those below the threshold. Structural estimation of an
60 - CREDIT SUIS : TGROUP occupational choice model reveals that almost all beneficiaries are misallocated in
the work they do at baseline and that the gains arising from eliminating misallo-
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Random multiplicative dynamics
(aka ,,Gibrat models”)



A simple model of random multiplicative growth

e The classic ,, Gibrat model” looks like...
Wi,t — (1 ~+ Fi,t) . Wi,(t—l) W|th ri,t ~ ./V (ﬂ, 0G>

* Simpler formulation, same explosive properties...
e Starting from perfect equality: w; o = 10 V i

* A main difference is that 0.05 = 6, > ¢ = 0.001 -

random walk more pronounced.

* Similar overall pattern, ditterent dynamics.
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A simple model of random multiplicative growth

Distribution of (1+r;) in the Gibrat simulation

e The classic ,, Gibrat model” looks like...

Wi,t — (1 ~+ Fi,t) . Wi,(t—l) W|th ri,t ~ ./V (ﬂ, 0G>

probability

* Simpler formulation, same explosive properties...

» Starting from perfect equality: w;o = 10 V i 07 os 09 10 11 12

outcome for (1+r;)

* A main difference is that 0.05 = 6, > ¢ = 0.001 -

random walk more pronounced.

* Similar overall pattern, ditterent dynamics.
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A simple model of random multiplicative growth

e The classic ,, Gibrat model” looks like...

Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, 0G>

Simpler formulation, same explosive properties...
Starting from perfect equality: w; o = 10 V i

A main difference is that 0.05 = 6, > ¢ = 0.001 -

random walk more pronounced.

Similar overall pattern, ditterent dynamics.

Distribution of (1+r;) in the Gibrat simulation
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A simple model of random multiplicative growth

Distribution of (1+r;) in the Gibrat simulation

e The classic , Gibrat model” looks like...
Wi,t — (1 + Fi,t) ‘ Wi,(l—l) W|th ri,t ~ ./V (ﬂ, UG) %
* Simpler formulation, same explosive properties...
Y ' . . ) — ; 017‘ . ‘018‘ n ‘019‘ . ‘110‘ n ‘111‘ . ‘112‘ n ‘1‘.3
Starting from perfect equality: w; g = 10 V i o,
* A main difference is that 0.05 = 6, > ¢ = 0.001 -
random walk more pronounced. 7 Multiplicative Dynamics: starting distribution Multiplicative Dynamics: the simple gibrat model
201 600 -
* Similar overall pattern, ditterent dynamics. .
515 3
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2 :
5 107 T 300
= 2 200
£ . £
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A simple model of random multiplicative growth

Distribution of (1+r;) in the Gibrat simulation

Multiplicative Dynamics: gibrat model (log-log)

1000. r
e The classic , Gibrat model” looks like... ol
z é 10. -
Wi,t — (1 ~+ V‘i,t) . Wi,(l—l) W|th I”l-,t ~ ./V (ﬂ, 6G> % % .
P
* Simpler formulation, same explosive properties...
0.01 -
o Starting from perfect equality: w;, = 10 V i 070809 10 e s 543 2 1 0.2 0.1 0.001
’ outcome for (1+ri) rank N; (in thousands)
* A main difference is that 0.05 = 6, > ¢ = 0.001 -
random walk more pronounced. 7 Multiplicative Dynamics: starting distribution Multiplicative Dynamics: the simple gibrat model
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* Similar overall pattern, ditterent dynamics. .
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A simple model of random multiplicative growth: path dependency

Multiplicative Dynamics: the simple gibrat model

e The classic , Gibrat model” looks like... >

500 -
400 |

Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, UG)

300 -

individual wealth w;

200 -

* Simpler formulation, same explosive properties... 100 J
0:

e Starting from perfect equality: Wi = 10V 5000 4000 3000 2000 1000 1

rank N;

* A main difference is that 0.05 = 6; > ¢ = 0.001 - random walk more pronounced

* Path Dependency?

* |In cumulative advantage models: hard path-dependencies (only one ,eternal’
change in direction) = non-ergodic dynamics (averages between elements do

not inform about trajectories over time)
* Here we have a multiplicative random walk: in eternity, everybody will rise & fall.

* But think about time-scales! It a participant is born in round 800 and lives for 60

periods, the world will be super-path-dependent = quasi-non-ergodic dynamics
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A simple model of random multiplicative growth: path dependency

Multiplicative Dynamics: the simple gibrat model Bifurcation: 'people have to eat'
r~r-— -~~~ 1 1 1 T [ "t T T T [ ‘v T T T [ T T T T T 1 /A ]

e The classic , Gibrat model” looks like... >

500 -
400 |

Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, 0G>

300 -

individual wealth w;

200 -

absolute values for 50 agents

* Simpler formulation, same explosive properties... 100 J
Oi\ I I | | |
> 1 . —_— ' 5000 4000 3000 2000 1000 1
e Starting from perfect equality: w;; = 10 V i " o
* A main difference is that 0.05 = 6; > ¢ = 0.001 — random walk more pronounced individual trajectories in the Gibrat model (randorm)

* Path Dependency?

* |In cumulative advantage models: hard path-dependencies (only one ,eternal’

change in direction) = non-ergodic dynamics (averages between elements do

absolute values for 5 agents

not inform about trajectories over time)

* Here we have a multiplicative random walk: in eternity, everybody will rise & fall. periods

* But think about time-scales! It a participant is born in round 800 and lives for 60

periods, the world will be super-path-dependent = quasi-non-ergodic dynamics
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A simple model of random multiplicative growth: path dependency

Multiplicative Dynamics: the simple gibrat model Bifurcation: 'people have to eat'
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e The classic , Gibrat model” looks like... >
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Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, 0G>
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individual wealth w;
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e Starting from perfect equality: w;; = 10 V i " o
* A main difference is that 0.05 = 6; > ¢ = 0.001 — random walk more pronounced individual trajectories in the Gibrat model (randorm)

* Path Dependency?

* |In cumulative advantage models: hard path-dependencies (only one ,eternal’

change in direction) = non-ergodic dynamics (averages between elements do

absolute values for 5 agents

not inform about trajectories over time)

* Here we have a multiplicative random walk: in eternity, everybody will rise & fall. periods

* But think about time-scales! It a participant is born in round 800 and lives for 60

periods, the world will be super-path-dependent = quasi-non-ergodic dynamics
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A simple model of random multiplicative growth: a complication

Distribution of (1+r;) in the Gibrat simulation 7 Multiplicative Dynamics: the simple gibrat model

e The classic , Gibrat model” looks like... >

500 -
400

Wi,t — (1 ~+ Fi,t) . Wi,(t—l) W|th ri,t ~ ./V (ﬂ, 0G>

300 -

probability
individual wealth w;

200 -

* Simpler formulation, same explosive properties... H00 J

Y Y Y R (Y SO HO SO B 1 I I | | |
0.7 0.8 0.9 1.0 1.1 1.2 1.3 5000 4000 3000 2000 1000 1

T outcome for (1+r;) rank N;

* Long-term outcomes: w; = H(l +r,) for wio=1V1i
=1

T
* Thisis equivalent to: log(w;) = Z log (1 + ”r)

=1
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A simple model of random multiplicative growth: a complication

Distribution of (1+r;) in the Gibrat simulation 7 Multiplicative Dynamics: the simple gibrat model

 The classic ,Gibrat model” looks like... >

500 -
400

Wi,t — (1 ~+ Fi,t) . Wi,(t—l) W|th ri,t ~ ./V (ﬂ, 0G>

300 -

probability
individual wealth w;

200 -

* Simpler formulation, same explosive properties... H00 J

Y Y Y R (Y SO HO SO B 1 I I | |
0.7 0.8 0.9 1.0 1.1 1.2 1.3 5000 4000 3000 2000 1000

outcome for (1+r;) rank N;

T
* Long-term outcomes: w; = H(l +r,) for wio=1V1i
=1

T
. . Just a sum of random numbers
* Thisis equivalent to: log(w;) = E log (1 + ”t) t >

Central Limit Theorem

=1
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A simple model of random multiplicative growth: a complication

Distribution of (1+r;) in the Gibrat simulation 7 Multiplicative Dynamics: the simple gibrat model
. . 1 . 600 -
e The classic , Gibrat model” looks like... ;
500 |-
£
> = 400
Wi, =L +71) - Wiy with Fig~ W (”’ UG> E = 300
% 200
* Simpler formulation, same explosive properties... 100 J
| 1 1 1 1 | I I I I | I | | | | | | | | | | | | | | | | | | | Oi\ I [ | |
0.7 0.8 0.9 1.0 1.1 1.2 1.3 5000 4000 3000 2000 1000
T outcome for (1+r;) rank N;
* Long-term outcomes: w;, = I I (1+r) for  w,,=1Vi
=1
o . L Just a sum of random numbers ’ Wealth follows a
¢ ThIS IS eqLHValeﬂt to: lOg(WT) = Z lOg (1 + I"t) > lOg(WT) ~ /V(l‘ - U, f- GG » log-normal distribution
1 Central Limit Theorem In this modell
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A simple model of random multiplicative growth: a complication

Distribution of (1+r;) in the Gibrat simulation 7 Multiplicative Dynamics: the simple gibrat model
. . 1 . 600 -
e The classic , Gibrat model” looks like... ;
500
£
> = 400
Wi, =L +71) - Wiy with Fig~ W (”’ UG> E = 300
% 200
* Simpler formulation, same explosive properties... 100 J
| 1 1 1 1 | 1 1 1 1 | I I I I | I I I I | I I I | | | | | | | Oi\ I [ | | |
0.7 0.8 0.9 1.0 1.1 1.2 1.3 5000 4000 3000 2000 1000 1
T outcome for (1+r;) rank N;
* Long-term outcomes: w;, = I I (1+r) for  w,,=1Vi
=1
o . L Just a sum of random numbers ’ Wealth follows a
¢ ThIS IS eqUIva|ent to: lOg(WT) = Z lOg (1 + I"t) — > lOg(WT) ~ /V(f " U, - GG) » log-normal distribution
1 Central Limit Theorem In this modell

* So why this it (so very often) look like a power law at the top?

1
e Formal: log(ple) = — —z(logx — 1)* —log(x) — log
20 2o

* Intuition: quadratic function in x can be linearly approximated — especially when o 1}

SITA

Jakob Kapeller de DUISBURG

socio-economics Open-Minded



A simple model of random multiplicative growth: a complication

Distribution of (1+r;) in the Gibrat simulation 7 Multiplicative Dynamics: the simple gibrat model

 The classic ,Gibrat model” looks like... >

500 -
400

Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, UG)

300 -

probability
individual wealth w;

200 -

* Simpler formulation, same explosive properties... H00 J

Y Y Y R (Y SO HO SO B 1 I I | | |
0.7 0.8 0.9 1.0 1.1 1.2 1.3 5000 4000 3000 2000 1000 1

T outcome for (1+r;) rank N;

* Long-term outcomes: w; = H(l +r,) for wio=1V1i

=1
C : L Just a sum of random numbers ) Wealth follows a
* Thisis eqUIvalent to: log(WT) — Z lOg (1 + I"t) > lOg(WT) ~ /V(f - U, - GG) »  log-normal distribution
—1 Central Limit Theorem In this modell

0.35|
* So why this it (so very often) look like a power law at the top? 030/
0.25;
1 1 0.20°
* Formal: log(p,s.) = — ——(ogx — p#)* — log(x) — log 0.15"
OG 262 2
G oG 0.10!
" . L , , . 0.05]

* Intuition: quadratic function in x can be linearly approximated — especially when o 1} J T ——
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A simple model of random multiplicative growth: a complication

Distribution of (1+r;) in the Gibrat simulation 7 Multiplicative Dynamics: the simple gibrat model
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500 -
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Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, UG)

300 -

probability
individual wealth w;
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* Simpler formulation, same explosive properties... H00 J
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0.7 0.8 0.9 1.0 1.1 1.2 1.3 5000 4000 3000 2000 1000 1
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* Long-term outcomes: w; = H(l +r,) for wio=1V1i
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* Formal: log(p,s.) = — ——(ogx — p#)* — log(x) — log 0.15"
OG 262 2
G oG 0.10!
" . L , , . 0.05]

* Intuition: quadratic function in x can be linearly approximated — especially when o 1} J T ——

Jakob Kapeller de “:;LE'RSSI.;;:” RG

socio-economics Open-Minded



A simple model of random multiplicative growth: weltare state?

e The classic ,, Gibrat model” looks like...
Wi,t — (1 -+ Fi,t) . Wi,(t—l) W|th Fi,t ~ ./’/ (ﬂ, GG)

* Simpler formulation, same explosive properties...
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A simple model of random multiplicative growth: weltare state?

e The classic ,, Gibrat model” looks like...
Wi,t — (1 ~+ Fi,t) . Wi,(t—l) W|th ri,t ~ ./V (ﬂ, 0G>

* Simpler formulation, same explosive properties...

e Welfare state?

=

e Berman / Peters / Adamou (2020): Reallocating Geometric Brownian motion (# — @)

 |f we translate this into discrete time it looks still somewhat frightening:

e But, it actually it is something we know:
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e Welfare state?
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e Berman / Peters / Adamou (2020): Reallocating Geometric Brownian motion (# — @)
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A simple model of random multiplicative growth: weltare state?

e The classic ,, Gibrat model” looks like...
Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, UG)

* Simpler formulation, same explosive properties...

e Welfare state?

=

e Berman / Peters / Adamou (2020): Reallocating Geometric Brownian motion (# — @)

 |f we translate this into discrete time it looks still somewhat frightening:

T n
Wit = (I + ri,t) Wi~ T Wi T N ' Z Wit
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e But, it actually it is something we know:

n
. T
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A simple model of random multiplicative growth: weltare state?

e The classic ,, Gibrat model” looks like...
Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, 0G>

* Simpler formulation, same explosive properties...

e Welfare state?

=

e Berman / Peters / Adamou (2020): Reallocating Geometric Brownian motion (# — @)

 |f we translate this into discrete time it looks still somewhat frightening:

T n
Wit = (I + ri,t) Wi~ T Wi T N ' Z Wit
=1

e But, it actually it is something we know:

n
. T
w,=0+r) wepy—c with c=T W+ A E Wi,
| | i=1

people have to eat'’
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A simple model of random multiplicative growth: weltare state?

e The classic ,, Gibrat model” looks like...
Wi,t — (1 ~+ Fi,t) . Wi,(l—l) W|th ri,t ~ ./V (ﬂ, 0G>

* Simpler formulation, same explosive properties...

e Welfare state?

e Berman / Peters / Adamou (2020): Reallocating Geometric Brownian motion (# — @&

)

|
()
S’

 |f we translate this into discrete time it looks still somewhat frightening:

T n
Wit = (I + ri,t) Wi~ T Wi T N ' Z Wit
=1

e But, it actually it is something we know: .simple redistribution (pot)’

l n
. T
w,=0+r) wepy—c with c=T W+ A E Wi,
| | i=1

people have to eat'’
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A simple model of random multiplicative growth: weltare state?

e The classic ,, Gibrat model” looks like...
Wi,t — (1 -+ Fi,t) . Wi,(t—l) W|th Fi,t ~ ./’/ (ﬂ, UG)

* Simpler formulation, same explosive properties...

e Welfare state?

7 > ©O0)

T '

 Berman / Peters / Adamou (2020): Reallocating Geometric Brownian motion

 |f we translate this into discrete time it looks still somewhat frightening: 0.14

0.12 - é A e Zl (()
T n o 01F sl I e 75, (1)
— . . _Z‘ g 008F i il Ef
Wi,t - (1 + ri,t) Wi,(t—l) T Wi,t + N Wi,t g 0.06 [A; i i HEHE i
i=1 £ 0.04 pViN; i
c 0.02 FWNIN; .
S 0B\ A o
e But, it actually it is something we know: .simple redistribution (pot)’ § 002} i
: ' % -0.04 1A W : Pi g
T < @ .006F §Hiiv i o :
— ° — ° _ . . -008 ; - ' -
Wi =470 Wwiqqy—¢ with C=7T Wy, Y, z‘, Wit pol B SN 1 o
' i=1 1920 1930 1940 1950 1960 1970 1980 1990 2000 2010
' Y
people have to eat ear
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A simple model of random multiplicative growth: weltare state?

e The classic , Gibrat model” looks like...
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verge, some don’t

Reallocation rate (1)

et
e

o

2

2

e

e
0"...0.
B
2

2

e

2

-

2

2

.
oooooooo
W AR R R e e e e R R

o

O

S—r
o

~—
5—-
g

* Simpler formulation, same explosive properties...
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some positive, some nega- §
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 Berman / Peters / Adamou (2020): Reallocating Geometric Brownian motion

1

* |f we translate this into discrete time it looks still somewhat frightening: 0.14
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A simple model of random multiplicative growth: weltare state?

e The classic , Gibrat model” looks like...

wi, =0 +r,)- Wi t-1)

* Simpler formulation, same explosive properties...

e Welfare state?

e Berman / Peters / Adamou (2020): Rea

e |f we translate this into discrete time it

T n
Wi, = +71) Wiy —7-w, + 2 Z Wit

e But, it actually it is something we know: :simple redistribution (pot)’

n
. T
w,=0+r) wepy—c with c=T W+ A E Wi,
| | i=1
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A simple model of random multiplicative growth: weltare state?

Multiplicative Dynamics: the simple gibrat model Multiplicative dynamics: introducing a barrier
. . 1 . 600 - ?
 The classic , Gibrat model” looks like... | 1000}
500 - I
3 i " i
| £ 400 % 800
Wl,t — (1 + I"l,t) . Wl,(t—l) Wlth rl,t ~Y ./V (//t, 6G> ; 300i ; 600}
s | S f
._E 200} 2 400j |
* Simpler formulation, same explosive properties 100 J 200 j
Oi‘ ‘ ‘ : : : 0 ! ! ] \ ‘_—/
5000 4000 3000 2000 1000 1 5000 4000 3000 2000 1000 1
rank N; rank N;
—— standard barrier at w=5
Multiplicative dynamics: introducing a barrier (log-log)
1000. -
100. - T
0
= 10.-
>
g
= 1. {
8
T
0.1~
0.01
543 2 1 0.2 0.1 0.001
rank N; (in thousands)
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A simple model of random multiplicative growth: welfare state?

7 Multiplicative Dynamics: the simple gibrat model Multiplicative dynamics: introducing a barrier
. . 1 . 600 - ?
* The classic ,Gibrat model” looks like... | 1000
500 - I
2 o 800
. T‘; 400; T:t:
Wl,t — (1 + I"l,t) . Wl,(t—l) Wlth rl,t ~Y ./V (//t, 6G> ; 300i ; 600
% 500 S 400 |
* Simpler formulation, same explosive properties 100 J 200 '
Oi\ \ \ \ \ \ 0 ‘ : : : “‘/
>000 4000 3000 2000 1000 1 5000 4000 3000 2000 1000 1
rank N; rank N;
—— standard barrier at w=>5

* Another preliminary approach to modeling the welfare state

Multiplicative dynamics: introducing a barrier (log-log)

. . 1000. -
» Simply assume a basic satety net — people cannot fall below some wealth w, .
100. - —
* This works, resulting system is more equal. oLl
* However, agents do not drop out of multiplicative regime — drives system towards = 1
a power law distribution more strongly; even more explosive (in one direction). 0-1(
e . . . . 001
* With this come, e.g., higher maximal values on average in repeated applications — SN — »
543 2 1 0.2 0.1 0.001
which would change, it we apply some tax to finance preserving the minima. rankN; (in thousands)
Jakob Kapeller de EZUSE'RS;E:URG
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Random multiplicative growth: Empirical perspectives

e The classic , Gibrat model” looks like...
Wi,t — (1 ~+ Fi,t) . Wi,(t—l) W|th ri,t ~ ./V (ﬂ, 0G>

* Simpler formulation, same explosive properties —
Emergence of inequalities even without significant differences

endowments — cumulative advantage can kick in later.
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Random multiplicative growth: Empirical perspectives

e.g. body height

e.g. social ties for food sharing

e.g. livestock (Viehbestand)

Wexlth classes a-weighted a-weighted
° M 11 M Economic systems Y v average average
® Th e Cl a SS I C 11 G I b rat m Od e | | O O kS | I ke e o o Embodied Relational Material of B values of Ginis
T Hunter-gatherer o 0.46 0.39 0.15
8 Bl 0.16 £0.06 0.23+0.11 0.17 £0.011|| 0.19 + 0.05 0.25 + 0.04
GC.) P 0.01 0.04 0.12 0.00 0.00
]
. )
S — . . . Y g Horticultural o 0.53 0.26 0.21
Wl,t (1 + rl,t) Wl,(t— 1) Wlth rl,t °/V (,l/l, 6G> —§ B| 0.17+0.05 0.26+0.11 0.09+0.09 || 0.18+0.04 0.27 + 0.03
wn P 0.00 0.02 0.31 0.00 0.00
T Pastoral o 0.26 0.14 0.61
. . . . B| 0.07 +0.15 NAt 0.67 + 0.07 | | 0.43 + 0.06t 0.42 + 0.05t
* Simpler formulation, same explosive properties — . Pl ose 0.00 0.00 0.00
>
. .. . . .. . TE_ Agricultural o 0.27 0.14 0.59
Emergence of inequalities even without signiticant differences > 2 [ 2menw smiom ampinoy | oRLOm 04 LEE
endowments — cumulative advantage can kick in later CMeogeoos @03 023 039
g y all economic B 0.12+0.05 0.19+0.06 0.37+0.04 0.29 £ 0.03 0.35 £ 0.02
systems P 0.01 0.00 0.00 0.00 0.00

1The B and Gini for Kipsigis cattle partners (see Table 1 and table S4) are used in the pastoral/relational cell for the calculation

of the a-weighted average across wealth classes.

Borgerhoff-Mulder et al. (2009): Intergenerational Wealth Transmission and the

Dynamics of Inequality in Small-Scale Societies. Science 326, 682-688.
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Random multiplicative growth: Empirical perspectives .. e o toossoms

e.g. body height e.g. livestock (Viehbestand)
\ Wexlth classes a-weighted a-weighted

* * 1 * Economic systems v average average
® Th e Cl a SS I C 17} G I b rat m Od e | | O O kS | I ke e o o E%odied Re:tional Material of B values of Ginis
T Hunter-gatherer o 0.46 0.39 0.15
9 B| 016+006 023+011 0.170.011|| 019005 0.25+ 0.04
c P 0.01 0.04 0.12 0.00 0.00
. 13
A — . . . . ) Horticultural 0.53 0.26 0.21
Wl,t (1 + rl,t) Wl,(t—l) Wlth rl,t ~ N (,l/l, 6G> —§ - E 0.17 £ 0.05 0.26+0.11 0.09+0.09 || 0.18 < 0.04  0.27 + 0.03
N P 0.00 0.02 0.31 0.00 0.00
T Pastoral o 0.26 0.14 0.61
) ) . ) B| 0.07+0.15 NAt 0.67 + 0.07 | | 0.43 + 0.06t 0.42 + 0.05¢
* Simpler formulation, same explosive properties — . Pl ose 0.00 0.00 0.00
-]
. .. . . .. . TE_ Agricultural o 0.27 0.14 0.59
Emergence of inequalities even without signiticant differences > 3 [ 2menw smiom ampinoy | oRLOm 04 LEE
endowments — cumulative advantage can kick in later CMeogeoos @03 023 039
g y all economic B 0.12+0.05 0.19+0.06 0.37+0.04 0.29 £ 0.03 0.35 £ 0.02
systems P 0.01 0.00 0.00 0.00 0.00

1The B and Gini for Kipsigis cattle partners (see Table 1 and table S4) are used in the pastoral/relational cell for the calculation
of the a-weighted average across wealth classes.

[ H a S i m p | i Cati O n fo r 'th e Stu dy O'F pat h _d e pe n d e n Cy Borgerhoff-Mulder et al. (2009): Intergenerational Wealth Transmission and the

Dynamics of Inequality in Small-Scale Societies. Science 326, 682-688.

* Brings in new notions, like quasi-ergodicity or observer time-scales — stability

as a grand theme in economic history and current crises-debates.
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Random multiplicative growth: Empirical perspectives

e The classic , Gibrat model” looks like...

Wit = (1+ ri,t) " Wit-1)

* Simpler formulation, same explosive properties —

Emergence of inequalities even without significant differences

with

ri,t ~ N (,M, 0G>

endowments — cumulative advantage can kick in later.

* Has implication for the study of path-dependency

* Brings in new notions, like quasi-ergodicity or observer time-scales — stability

as a grand theme in economic history and current crises-debates.

e.g. body height

e.g. social ties for food sharing

e.g. livestock (Viehbestand)

Wexlth classes a-weighted a-weighted
Economic systems Y v average average
Embodied Relational Material of B values of Ginis
T Hunter-gatherer o 0.46 0.39 0.15
8 Bl 0.16 £0.06 0.23+0.11 0.17 £0.011|| 0.19 + 0.05 0.25 + 0.04
GC) P 0.01 0.04 0.12 0.00 0.00
1
) Horticultural o} 0.53 0.26 0.21
'g Bl 0.17 £0.05 0.26 +0.11 0.09 £ 0.09 0.18 + 0.04 0.27 £ 0.03
wn P 0.00 0.02 0.31 0.00 0.00
T Pastoral o 0.26 0.14 0.61
B| 0.07 £0.15 NAt 0.67 £ 0.07 0.43 + 0.061 0.42 + 0.05%
P 0.66 0.00 0.00 0.00
5
TE_ Agricultural o 0.27 0.14 0.59
- B| 0.10£0.07 0.08+£0.11 0.55+ 0.07 0.36 + 0.05 0.48 + 0.04
o P 0.16 0.47 0.00 0.00 0.00
Average across o 0.38 0.23 0.39
all economic B 0.12£0.05 0.19+0.06 0.37+0.04 0.29 + 0.03 0.35 + 0.02
systems P 0.01 0.00 0.00 0.00 0.00
1The B and Gini for Kipsigis cattle partners (see Table 1 and table S4) are used in the pastoral/relational cell for the calculation
of the a-weighted average across wealth classes.
Borgerhoff-Mulder et al. (2009): Intergenerational Wealth Transmission and the
Dynamics of Inequality in Small-Scale Societies. Science 326, 682-688.
Figure 2: Conceptual Building Blocks and Methodological Approaches to
Path Dependence Research
> Path emergence/creation Positive feedback / Lock-in
— — —~ —
. >

<

» |

Scope/range of variety
4 (managerial discretion) N

—+

Mechanism trajectories

Conceptual building block I:

* Non-ergodic historically contingent processes
Methodological approach:

* |deographic-historic description

* e.g. narrative case study designs

Conceptual building block II:

* Ergodic, law-like positive feedback mechanisms
Methodological approach:

* Mechanism testing

* e.g. experiments, comparative case study designs

Note: inspired by Sydow et al. (2009).

28

Jakob Kapeller

UNIVERSITAT

Lmso" D.UISBURG

institute for
socio-economics Open-anded



Random multiplicative growth: Empirical perspectives .. e o toossoms

e.g. body height e.g. livestock (Viehbestand)
\ Wexlth classes a-weighted a-weighted

* * 1 * Economic systems v average average
® Th e Cl a SS I C 17} G I b rat m Od e | | O O kS | I ke e o o E%odied Re:tional Material of B values of Ginis
T Hunter-gatherer o 0.46 0.39 0.15
9 B| 0.16+0.06 023+011 0.17+0.011||0.19+0.05 0.25 £ 0.04
c P 0.01 0.04 0.12 0.00 0.00
. 0
S — . . . . g Horticultural 0.53 0.26 0.21
Wl,t (1 + rl,t) Wl,(t—l) Wlth rl,t ~ N (,l/l, 6G> —§ - E 0.17 £ 0.05 0.26+0.11 0.09+0.09 || 0.18 < 0.04  0.27 + 0.03
" P 0.00 0.02 0.31 0.00 0.00
T Pastoral o 0.26 0.14 0.61
i i . i B| 0.07+0.15 NAt 0.67 £ 0.07 || 0.43 + 0.06t 0.42 £ 0.05¢
* Simpler formulation, same explosive properties — . Pl ose 0.00 0.00 0.00
>
. .. . . .. . TE‘ Agricultural o 0.27 0.14 0.59
Emergence of inequalities even without signiticant differences > 3 B 0101007 008:011 055007 || 036005 048004
endowments — cumulative advantage can kick in later CMeogeoos @03 023 039
g y all economic B 0.12+0.05 0.19+0.06 0.37+0.04 0.29 £ 0.03 0.35 £ 0.02
systems P 0.01 0.00 0.00 0.00 0.00

1The B and Gini for Kipsigis cattle partners (see Table 1 and table S4) are used in the pastoral/relational cell for the calculation
of the a-weighted average across wealth classes.

[ H a S i m p | i Cati O n fo r 'th e Stu dy O'F pat h _d e pe n d e n Cy Borgerhoff-Mulder et al. (2009): Intergenerational Wealth Transmission and the

Dynamics of Inequality in Small-Scale Societies. Science 326, 682-688.

* Brings in new notions, like quasi-ergodicity or observer time-scales — stability Figure 2. oD Buiieing Blocks and Methodslogical Approaches to
as a grand theme in economic history and current crises-debates. >

~ ~ N N

*

X
k

e |s a useful null model...

Scope/range of variety

* e.g. for empirically checking stability properties of distributions in economic history oottt G
* Archetypical model for how complex patterns may emerge out of a simple setup. e

Note: inspired by Sydow et al. (2009).
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Other interesting candidates



Other interesting variants for generating power laws

Time is probably running out ;-)

* Many very smart people say a Yule process is actually the same as the other cumulative advantage stuft

* Models a birth process: several populations start with n = 1 and everybody can reproduce with some p — early mover

advantage creates path-dependency — brings forth a Yule-Simon distribution, which is close to power law (under some...)

* Somewhat in-between: driven by randomness, but cumulative advantage kicks in endogenously

* The notion of a self-reinforcing birth process could be used to model the emergence of hierarchies (among people or

tfirms) = Herbert Simon, Polya-urn
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Other interesting variants for generating power laws

Time is probably running out ;-)

* Many very smart people say a Yule process is actually the same as the other cumulative advantage stuft

* Models a birth process: several populations start with n = 1 and everybody can reproduce with some p — early mover

advantage creates path-dependency — brings forth a Yule-Simon distribution, which is close to power law (under some...)

* Somewhat in-between: driven by randomness, but cumulative advantage kicks in endogenously

* The notion of a self-reinforcing birth process could be used to model the emergence of hierarchies (among people or

tfirms) = Herbert Simon, Polya-urn

» Sample space reducing processes are a final interesting candidate.

* Here, future successes of some, limit the current options

of others (industrialization, fossile energy)
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* Many very smart people say a Yule process is actually the same as the other cumulative advantage stuft

* Models a birth process: several populations start with n = 1 and everybody can reproduce with some p — early mover

advantage creates path-dependency — brings forth a Yule-Simon distribution, which is close to power law (under some...)

* Somewhat in-between: driven by randomness, but cumulative advantage kicks in endogenously

* The notion of a self-reinforcing birth process could be used to model the emergence of hierarchies (among people or

tfirms) = Herbert Simon, Polya-urn

» Sample space reducing processes are a final interesting candidate.

* Here, future successes of some, limit the current options

of others (industrialization, fossile energy) %
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Other interesting variants for generating power laws

Time is probably running out ;-)

* Many very smart people say a Yule process is actually the same as the other cumulative advantage stuft

* Models a birth process: several populations start with n = 1 and everybody can reproduce with some p — early mover
advantage creates path-dependency — brings forth a Yule-Simon distribution, which is close to power law (under some...)

* Somewhat in-between: driven by randomness, but cumulative advantage kicks in endogenously

* The notion of a self-reinforcing birth process could be used to model the emergence of hierarchies (among people or

tfirms) = Herbert Simon, Polya-urn

[ ] . . ° ° 40
» Sample space reducing processes are a final interesting candidate. 57
8 35 T A v
. . 2 30 i
* Here, future successes of some, limit the current options S 251
. o . T 204
of others (industrialization, fossile energy) Y. @ s T .
AN s °7
; 4
/ Y © 5 -
" \ G O T | | | |
400 600 800 1000 1200 1400
GDP per head in 1820
[ .
7 2 3 i 7273 e other regions of world W Japan
/\ Taiwan and S Korea === divergence equation
Thurnher/Hanel/Klimek (2018): Introduction
the theory of complex system. OUP. Allen, Robert C. (2017): The Industrial Revolution. OUP.
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Conclusion

 Power laws are somewhat ubiquitous in economics

* Power laws appear often in empirical data — unclear, whether / to extent this is driven by one or various mechanisms

» Power laws resonate with key interests of heterodox economists / political economists: distribution, emergence, power,

stratification, (in)stability etc.

» Power laws are understudied (or at least they are understudied from a pol econ — perspective?).

* Simple models for generating power laws can be fun ;-)

* Are nice to represent core intuitions, but should be taken with two grains of salt, at least.
* Nonetheless, we found that more complicated models (like RGBM) can be traced back to these simpler ones.

» Helptul also for checking, which intuitions hold formally and in what way (e.g. log-normal vs. power law).
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Many thanks for your attention!



Backups



Some explanations / proofts

2. UNIVERSALITY

For large values of n, the model has a behavior that is independent of X: indeed,
for any fixed X we can determine the numbers

p=Elog(l+ X) and o =WVlog(1+ X)
and can replace X by the Gaussian A'(u, 0?) to get the same qualitative behavior.
Proof. We can write

n—1 n—1
T, = Tq H (14 X,)=2agexp (log (H (1+ Xk)))

k=0 k=0

= Ty exp (i log (1 + Xk))

k=0
and for this inner sum we have the law of large numbers telling us that

n—1
Z log (1 + X&) ~ N(np,no?)
k=0

which is independent of X and depends only on mean and variance of log (1 4+ X).
O
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